side, large forces tend to align in filamentary structures called 'force chains', although they are not completely linear. The force chains are stabilized by weaker side contacts and form a disordered branching network resembling a fractal. Typical fractals are invariant under a change of length scale. A quantitative analysis of that scale invariance is, however, difficult, in part because there is no sharp distinction between the force chains and the background contacts.
Here we show that discriminating between forces of different magnitudes provides a quantitative characterization of force chains. By an analogy with equilibrium critical phenomena, such a description naturally captures scale invariance: a set of scaling exponents (fractal dimensions) and a scaling function are extracted from a given ensemble of force networks. We applied this approach to twodimensional granular packings under isotropic pressure generated by molecular dynamics simulations. Although the appearance of the force network varies significantly with pressure and polydispersity, we found that the scaling exponents and the scaling function are independent of these and other parameters, and thus capture universal properties of force networks. We also show that a theoretical model based on the extension of equilibrium statistical mechanics proposed by Edwards faithfully represents this universality class, whereas some other simple models do not.
The force network in a granular packing can be represented as a set of bonds connecting grains in contact. Each bond carries a scalar given by the magnitude of the repulsive force between the grains ( Fig. 1 ). To quantify the (visually obvious) force chains in such a network, we choose a threshold f and consider only chains formed by bonds carrying forces larger than f. Rather than select a fixed arbitrary value of f, we study such structures at different scales by varying the threshold. For small values most of the grains remain connected, but as the threshold is increased the packing breaks up into disconnected clusters (Fig. 2 ). The extent of each force chain can then be characterized by the size of the corresponding cluster, that is, the number of mutually connected bonds.
The force network varies totally between packings created under the same external conditions, so that a statistical approach is needed. Following the above procedure, force chains in an ensemble of packings can be described by the probability P(s,f) that, at a threshold f, a given random grain is of size s. Similar statistical descriptions in terms of clusters are common in the theory of equilibrium phase transitions 24 , where the threshold f takes the role of temperature. As in a percolation model 25 , a phase transition occurs at the critical threshold f c , above which no cluster connects the opposite boundaries of the system. Around this value, the system shows scale invariance; in particular, the probability distribution of cluster sizes can be expressed as Pðs; f Þ < s 2t rðs=ðf 2 f c Þ j Þ: This scale invariance is 'universal': the scaling exponents t and j, as well as the scaling function r, are determined only by the global symmetries of the system rather than the microscopic details of the interactions. Equilibrium critical phenomena can therefore be classified in a discrete number of universality classes according to the values of the exponents. Such an analogy with equilibrium critical phenomena suggests the existence of scale invariance around the threshold f c , below which one of the clusters spans the whole packing. The associated scaling exponents and scaling function would provide a new characterization of the spatial organization of forces in granular matter. To study the existence of scale invariance and universality, we examine the behaviour of the nth moment m n of P(s,f) as function of the threshold f and the system size N (number of contacts in the packing). We look for scaling as function of the system size, which in case of equilibrium critical phenomena takes the form
where the scaling function M n is related by integration to r, and the scaling exponents are given by f n ¼ ðn þ 1 2 tÞ=ðt 2 1Þ and n ¼ ðt 2 1Þ=2j: Here we present a study for n ¼ 2 because it is the lowest moment to diverge, but the results hold for higher moments.
We have carried out a scaling analysis on packings created by molecular dynamics simulations (also called discrete elements methods) of a system of polydisperse spheres in a periodic twodimensional cell subject to an isotropic pressure. The particles are deformable and interact by means of nonlinear Hertz-Mindlin forces (see Methods). We first consider strongly polydisperse frictionless packings at low pressure, leading to strongly disordered force networks with clearly visible force chains ( Fig. 1a ). For different system sizes, we determined the force chain clusters at a large number of threshold values and thus computed m 2 ( f,N), the second moment of clusters sizes (leaving out the largest cluster in each sample). If m 2 scales according to equation (1), then plotting N 2f m 2 as function of ð½ f 2 f c N 1=2n Þ should lead to a collapse of data for different system sizes on a single curve. Varying f, n and f c , a good collapse is indeed obtained for f ¼ 0.89^0.01 and n ¼ 1.6^0.1, clearly confirming scale invariance.
To test the dependence on various parameters, we repeated the procedure for packings created at different pressures, polydispersities, coefficients of friction and force laws. As the pressure is increased, the grains deform and the number of contacts per particle rises (Fig. 1b) . The force network becomes increasingly uniform in appearance, and the distribution of force magnitudes becomes narrower (see Supplementary Information) . Computing m 2 ( f ) for values of pressure spanning three orders of magnitude, we nevertheless find that the optimal data collapse is obtained in the same range, f ¼ 0:89^0:01 and n ¼ 1:6^0:1; independently of the pressure. Decreasing the polydispersity leads to crystallization of the grains (Fig. 1c) ; however, such ordering of the contact network also leaves the values of the scaling exponents unchanged. Moreover, although friction leads to smaller coordination number in the packing, it does not influence the scaling properties. In this case the forces are not normal to the grains, but tangential forces are typically much smaller then f c (see Supplementary Information) , so that they do not affect the scaling of cluster sizes. Finally, particles interacting with harmonic forces instead of nonlinear Hertz forces lead once again to the same exponents.
The independence of the exponents on pressure, polydispersity, friction and force law is clear evidence of universality. As expected, however, the value of the critical threshold is not universal: it varies between 1.3 and 1.6 times the average normal force and depends on all the parameters. Moreover, the width and height of the scaling function vary with the parameters: the width decreases with increasing pressure, whereas the height increases with increasing polydispersity. A linear rescaling of both axes nevertheless leads to a single collapse for all considered values of parameters ( Fig. 3) : similarly to equilibrium critical phenomena, the full scaling function seems to be universal.
As the scaling exponents and the scaling function are universal, they can be obtained from simplified models in the appropriate universality class. Years ago, Edwards proposed to generalize the micro-canonical principle of thermodynamics to jammed systems such as granular matter 13 . The key idea is to ignore history and to treat as equally likely all stable configurations of grains. The approach was found to be successful in slowly flowing granular matter 14 , but so far a quantitative confirmation for static granular matter has been lacking.
A simple extension of this micro-canonical ensemble to a packing of grains in a fixed geometry has been named the 'snooker packing' 15 . It consists of a hexagonal arrangement of rigid, frictionless and monodisperse spheres confined within a triangular domain, with the same pressure applied to all sides of the packing. In such a system, force balance alone does not completely determine the forces. Here it is natural to generalize Edwards' approach by treating as equally likely all arrangements of repulsive forces in balance on each grain, while keeping fixed the geometry of contacts. Using Monte Carlo simulations (see Methods), we generated force networks on the snooker packing with uniform probability, and examined the scaling of the second moment of cluster size distribution for different system sizes. The optimal collapse is obtained for values of scaling exponents within error bars equal to those found from molecular dynamics simulations. Moreover, the full scaling function appears to be identical to the one found in molecular dynamics simulations (Fig. 3) .
Some other simple models of granular matter lead to different scaling exponents. For example, the extensively studied q model [16] [17] [18] , which implements balance between vertical forces only, leads to f ¼ 0:69^0:01 and n ¼ 3:1^0:1: Moreover, the universality class depends on whether a top-to-bottom propagation of forces is assumed (S.O. and B.N., manuscript in preparation). The agreement between the Edwards ensemble and the results of molecular dynamics simulations is thus rather remarkable. In particular, it shows that the elasticity of the grains and the details of the force that it generates are irrelevant for the shape of the scaling function. Moreover, the geometrical randomness of the grain arrangements does not have any bearing on the universal mechanical properties. We expect that the key ingredients are the vectorial balance of forces on each grain and the isotropy of the confining pressure: static packings under shear may lead to different scaling exponents. We conjecture that in three dimensions the exponents and scaling function are equally universal, although different from their two-dimensional equivalent.
Our results establish an unexpected connection between static granular matter and equilibrium critical phenomena. The observed scale invariance is in all aspects comparable to equilibrium criticality and defines a novel universality class of isotropic force networks. This universality class is for example distinct from that of percolation, where the same analysis can be applied. This result implies the existence of long-range correlations between forces, a characteristic of structures such as force chains. We expect force networks in other jammed systems, such as foams and emulsions, to belong to the same universality class. We hope that progress in the measurement of intergrain and interbubble forces 12, 26 will lead to an experimental evaluation of the scaling exponents.
METHODS
Molecular dynamics. We use molecular dynamics simulations (also known as a discrete element method 27 in engineering) to create static granular packings that mimic real granular matter. Starting from a dilute gas phase, we solve Newton's equations where the particles interact with a frictionless repulsive contact force, called the hertzian interaction 28 . The centres of the particles are restricted to a two-dimensional plane; however, the hertzian repulsive force is that of threedimensional elastic spheres: F ¼ ð2=3ÞE=ð1 2 n 2 ÞR 1=2 n 3=2 ; where E and n are the Young's modulus and Poisson ratio of the particle's material, and R ¼ R 1 R 2 =ðR 1 þ R 2 Þ: The overlap n ¼ R 1 þ R 2 2 r 12 is calculated from the particle's radii R 1 and R 2 and the distance between their centres r 12 . In part of the analysis, we used the frictional Hertz-Mindlin 28 force law. During the evolution, we shrink the volume of the periodic box with rate controlled by a feedback loop to achieve a target pressure. Because we include some dissipation in the particle interactions, eventually all motion stops and a static granular packing is obtained in mechanical equilibrium. For each set of parameters, we use 100 independent packings of 10,000 particles in two dimensions, with polydispersity ranging from 5 to 20% (maximum deviation from the mean, using flat distribution of radii). By extracting recursively subsystems with half the number of grains, in total five system sizes were obtained. The pressures are expressed in units of the Young's modulus of the particle's material. For more details see ref. 7 . Monte Carlo. The Edwards ensemble for a granular heap is a uniform probability measure on the forces subject to equations for the balance of each particle and inequalities for the positivity of each contact force. In an appropriately reduced space of forces, this represents a constant nonzero probability density inside a convex polyhedron. We sample this distribution by the following stochastic process. Starting with a point inside the polyhedron, we select a line in a random direction (from a discrete set of directions). In this direction we calculate the intersections with the polyhedron. A new point is chosen on the line with uniform probability between the intersection points. Averages calculated from such a process converge to unweighted averages over the whole polyhedron. For more details see ref. 29. 
